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Abstract
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1 Introduction
LetCm×n (Rm×n) be the set of all complex (real)matrices and letM+n be the positive deﬁnite
Hermitian matrices. Let Zn×n = {A = (aij) ∈ Rn×n : aij ≤ , i = j, i, j ∈ {, , . . . ,n}}. For any
A = (aij) ∈ Cn×n, its associated matrix is deﬁned by A′ = (αij), where αii = |aii|, αij = –|aij|
(i = j). For A = (aij), B = (bij) ∈ Cm×n, the Hadamard product of A and B is A ◦B = (aijbij) ∈
Cm×n while their Fan product A ∗ B = (cij) is deﬁned by cii = aiibii and cij = –aijbij for i = j.
If A = (aij) ∈ Cn×n, then the k × k leading principal submatrix of A is denoted by Ak
(k ∈ {, , . . . ,n}). Aα denotes the principal submatrix of A, with indices in α ⊆ {, , . . . ,n}.
A ∈ Rn×n is called anM-matrix ifA ∈ Zn×n and detAk >  (∀k ∈ {, , . . . ,n}), andwe denote
it by A ∈Mn. A matrix A ∈ Cn×n is called anH-matrix if A′ is anM-matrix, and we denote
it by A ∈Hn.
Lynn [], Theorem ., proved the following determinantal inequality forH-matrices: if
A,B ∈Hn, then

















Chen [], Theorem ., obtained a determinantal inequality for positive deﬁnite matri-
ces: if A = (aij), B = (bij) ∈M+n , then
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Lin [] recently proved that a similar result to the block positive deﬁnite matrices holds
for the block Hadamard product.
Ando [], Theorem ., has given the following result: if A = (aij), B = (bij) are M-
matrices, then






















In this paper, we will present some determinantal inequalities for matrices which are
generalizations of (.), (.), and (.).
2 Main results and some remarks
We give some lemmas before we present the main theorems of this paper.
Lemma  ([], Corollary ..) Let A = (aij) ∈ Rn×n be an M-matrix. If αi ⊆ {, , . . . ,n}










Lemma  ([], Theorem .) If A, B are H-matrices and C = A ◦ B, then C is H-matrix.
Lemma  ([], Theorem ..) If A, B are positive deﬁnite matrices and C = A ◦B, then C
is positive deﬁnite matrix.
Lemma  ([]) If A, B are M-matrices and C = A ∗ B, then C is M-matrix.
Now we present the main results.
First of all, we give a determinantal inequality for theHadamardproduct of ﬁnite number
of H-matrices as follows:
Theorem  If A = (akl ),A = (akl ), . . . ,Am = (aklm) (k, l = , . . . ,n) are H-matrices, then









– (m – )
)
. (.)
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Proof By Lemma , it is straightforward to observe that the Hadamard product A ◦ · · · ◦
Am is an H-matrix. Use induction on k. When k = , the result is (.). Suppose that (.)
holds when k =m – 
det(A ◦ · · · ◦Am–)′ ≥ det
(










– (m – )
)
.
When k =m, we need to show
det(A ◦ · · · ◦Am)′ ≥ det
(










– (m – )
)
.
By (.), we have
det
(
(A ◦ · · · ◦Am–) ◦Am






i=(|aii | · · · |aiim–|)








By the inductive assumption, the above inequality is
det(A ◦ · · · ◦Am)′ ≥ det
(















i=(|aii | · · · |aiim–|)






















i=(|aii | · · · |aiim–|)












≥ , j = , . . . ,m,
∏n
i=(|aii | · · · |aiim–|)
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Thus by ab≥ a + b –  for a,b≥ , the above inequality (.) is
det(A ◦ · · · ◦Am)′ ≥ det
(
A′ · · ·A′m–
)
detA′m × a× b
≥ det(A′ · · ·A′m
) × (a + b – )










– (m – )
)
.
This completes the proof. 
Remark  The above inequality in Theorem  is a generalization of the inequality (.).
Second, we achieve a determinantal inequality for the Hadamard product of positive
deﬁnite matrices as follows:
Theorem  If Ai (i = , . . . ,m) (m≥ ) are n× n positive deﬁnite matrices, the Hadamard
product of Ai = (alti ) and Aj = (altj ) (i = j) is denoted by Ai ◦ Aj, and A(k)i is the k × k (k =
, , . . . ,n) leading principal submatrix of Ai, then












– (m – )
)
. (.)
Proof By Lemma , it is straightforward to see that the Hadamard product A ◦ · · · ◦ Am
is a positive deﬁnite matrix. Use induction on m. When k = , the result is (.). Suppose
that (.) holds when k =m – . We have














– (m – )
)
.
When k =m, we need to show












– (m – )
)
.
By (.), we have
det
(
(A ◦ · · · ◦Am–) ◦Am
)





( (aμμ · · ·aμμm–)det(A ◦ · · · ◦Am–)(μ–)
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By the inductive assumption, the above inequality is such that




( (aμμ · · ·aμμm–)det(A ◦ · · · ◦Am–)(μ–)




























( (aμμ · · ·aμμm–)det(A ◦ · · · ◦Am–)(μ–)






















– (m – ),
bμ =
(aμμ · · ·aμμm–)det(A ◦ · · · ◦Am–)(μ–)









≥ , i = , . . . ,m,
(aμμ · · ·aμμm–)det(A ◦ · · · ◦Am–)(μ–)
det(A ◦ · · · ◦Am–)(μ) – ≥ ,
and so
aμ,bμ ≥ .
Thus by aμbμ ≥ aμ + bμ –  for aμ,bμ ≥ , the above inequality (.) is
det(A ◦ · · · ◦Am)




≥ det(A · · ·Am)×
n∏
μ=
(aμ + bμ – )











– (m – )
)
.
This completes the proof. 
Remark  The inequality in Theorem  is a generalization of the inequality (.).
Fu and Liu Journal of Inequalities and Applications  (2016) 2016:262 Page 6 of 7
Finally, a result on Fan product ofM-matrices is obtained in the following theorem.
Theorem  If A = (akl ),A = (akl ), . . . ,Am = (aklm) (k, l = , . . . ,n) are M-matrices, then









– (m – )
)
. (.)
Proof By Lemma , it is straightforward to see that the Hadamard product A ∗ · · · ∗Am is
anM-matrix. Use induction on k. When k = , the result is (.). Let k =m–, (.) holds:









– (m – )
)
.
When k =m, we need to show









– (m – )
)
.
By (.), we have
det
(
(A ∗ · · · ∗Am–) ∗Am




i=(aii · · ·aiim–)







By the inductive assumption, the above inequality is













i=(aii · · ·aiim–)





















i=(aii · · ·aiim–)











≥ , j = , . . . ,m,
∏n
i=(aii · · ·aiim–)
det(A ◦ · · · ◦Am–) ≥ ,
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and so
a,b≥ .
So by ab≥ a + b –  for a,b≥ , the above inequality (.) is









– (m – )
)
.
This completes the proof. 
Remark  The inequality in Theorem  is a generalization of the inequality (.).
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